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In this study, we found a new traversable wormhole solution in the framework of a bumblebee
gravity model. With these types of models, the Lorentz symmetry violation arises from the dynamics
of a bumblebee vector field that is non-minimally coupled with gravity. To this end, we checked the
wormhole’s flare-out and energy (null, weak, and strong) conditions. We then studied the deflection
angle of light in the weak limit approximation using the Gibbons-Werner method. In particular, we
show that the bumblebee gravity effect leads to a non-trivial global topology of the wormhole space-
time. By using the Gauss-Bonnet theorem (GBT), it is shown that the obtained non-asymptotically
flat wormhole solution yields a topological term in the deflection angle of light. This term is pro-
portional to the coupling constant, but independent from the impact factor parameter. Significantly,
we showed that the bumblebee wormhole solutions, under specific conditions, support the normal
matter wormhole geometries.
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I. INTRODUCTION
The search for a theory of wormholes through Ein-
stein’s general theory of relativity goes back to 1916
with the famous papers of Flamm [1]. The simplest
possible solution to Einstein’s field equations is the
Schwarzschild metric [2], which describes the gravita-
tional field around a spherically symmetric static mass.
If the mass (or its density) is sufficiently high, the so-
lution describes a black hole – the Schwarzschild black
hole. Flamm realized that Einstein’s equations also al-
low a second solution, which is presently known as a
“white hole”. These two solutions, describing two dif-
ferent regions of (flat) spacetime, are connected by a
“spacetime tube”. This tube does not define where those
regions of spacetime might be in the real world; the
black hole’s “entrance”and white hole’s “exit”could ex-
ist in different portions of the same universe or in en-
tirely different universes. In 1935, Einstein and Rosen
[3] further explored the theory of inter-universe connec-
tions. In fact, their main aim was to try to understand
the fundamental charged particles (protons, electrons,
etc.) in terms of spacetime tubes penetrated by lines
of electromagnetic force. These spacetime passageways
were named “Einstein-Rosen Bridges” by Wheeler, who
would later call them wormholes. It is worth noting
that Wheeler [4] also coined the term “black hole.”
Traversable wormholes have no horizon and allow two-
way traveling [5] by connecting two different regions
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of spacetime in a Lorentzian geometry. Interest in
traversable wormhole gained momentum following the
paper of Morris, Thorne, and Yurtsever (MTY) [6] as
shown in Fig. 1. With a traversable wormhole, an
interstellar or inter-universe journey is possible [7, 8].
However, to construct such a traversable wormhole, one
requires an exotic matter with a negative energy den-
sity and a large negative pressure, which should have a
higher value than the energy density. Meanwhile, the
Casimir effect [9] is a way of producing negative en-
ergy density. MTY also proved that traversable worm-
holes could be stabilized using the Casimir effect. To-
ward this end, placing two sufficiently charged super-
conducting spheres at the traversable wormhole mouths
is enough. On the other hand, in 2011, Kanti and Klei-
haus [10] showed that it might be possible to construct a
traversable wormhole using normal matter by resorting
to a form of string theory.
In the literature, many authors have intensively stud-
ied various aspects of traversable wormhole geometries
within different modified gravitational theories [11–61].
Among them, the bumblebee gravity model has dynam-
ically violated Lorentz symmetry in terms of charge con-
jugation, parity transformation, and time reversal. The
model, with its defined bumblebee vector field, can also
feature rotation and boost [62–67]. In fact, bumblebee
gravity was first used by Kostelecky and Samuel in 1989
[68, 69] as a simple model for investigating the conse-
quences of spontaneous Lorentz violation.
The bumblebee mechanism arose in the context of
string theory and lead to a spontaneous breaking of
Lorentz symmetry by tensor-valued fields acquiring
vacuum expectation values [66]. The forcefulness of the
bumblebee vector field on the gravitational field has mo-
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2tivated us to construct traversable wormholes. Very re-
cently, a Schwarzschild-like bumblebee black hole so-
lution has been obtained [70]. From the perspective of
string theory and loop quantum gravity theory, Lorentz
symmetry breaking (LSB) is an interesting idea for ex-
ploring the tracks of the quantum gravity at low energy
levels. LSB has been extensively studied in the litera-
ture, e.g., see [71–76] and references therein.
The main aim of this paper is to construct an exact
solution of a traversable wormhole in the bumblebee
gravity field, where in Einstein’s field equations are in-
fluenced by spontaneous breaking of Lorentz symme-
try. We sought to compute the weak deflection angle of
the obtained bumblebee wormhole. To this end, we em-
ployed the Gibbons-Werner method (GWM) [77]. In this
method, the deflection angle, for the weak lensing limit,
is calculated by the GBT, defined by the background op-
tical geometry. It is important to highlight that non-
singular domains are considered to be outside of the
light ray, which means that the GBT has a global impact
[77–80]. Wormholes have been widely studied by many
authors as have black holes; light deflection has been of
particular interest [81–100]. Another purpose of this pa-
per is to discover a traversable wormhole using normal
matter, which satisfies energy and flare-out conditions
in the bumblebee gravity. In the following sections, we
shall explain how these goals are achieved.
This paper is organized as follows: In Sec. II, we
briefly outline bumblebee gravity and its correspond-
ing Einstein’s field equations. In Sec. III, we present
LSB wormhole solutions and study the flare-out condi-
tions. We check the energy conditions of the bumblebee
wormhole in Sec. IV. In the framework of the GWM, Sec.
V is devoted to the study of the deflection angle of light
in the weak limit approximation. Our conclusions and
remarks follow in Sec. VI.
II. BUMBLEBEE GRAVITY
The action of the bumblebee gravity where the
Lorentz violation arises from the dynamics of a single
vector field, namely bumblebee field Bµ, with a real cou-
pling constant ξ (with mass dimension –1) is given by
SB =
∫
d4x
√−g [ 1
2 κ
R +
1
2 κ
ξ Bµ BνRµν
− 1
4
BµνBµν −V(Bµ)
]
+
∫
d4xLM, (2.1)
where the bumblebee field strength (Bµν) and the poten-
tial (V) are defined as follows
Bµν = ∂µBν − ∂µBν, (2.2)
V ≡ V(BµBµ ± a2). (2.3)
where a2 is a positive real constant [70]. Vacuum ex-
pectation value of the bumblebee gravitational field is
governed by the following condition
V(BµBµ ± a2) = 0.
This automatically implies that
BµBµ ± a2 = 0, (2.4)
in which the signs (±) potentially determines the field
type of bµ : timelike or spacelike. Solutions of Eq. (2.4)
are conditional on the field Bµ that acquires a non-null
vacuum expectation value:
〈Bµ〉 = bµ. (2.5)
In this setup, we use null torsion and null cosmological
constant, so that there is a non-null vector bµ which sat-
isfies bµbµ = ∓a2 = α = constant. Thus, the nonzero
vector background bµ, which is a coefficient for Lorentz
and CPT violation, spontaneously breaks the U(1) sym-
metry [101].
Bumblebee modified Einstein field equations [70] are
governed by
Gµν = κTµν, (2.6)
where the total energy-momentum tensor is given by
[101]
Tµν = TMµν + T
B
µν, (2.7)
in which TMµν is the matter field and the bumblebee
energy-momentum tensor TBµν reads
TBµν = −BµαBαν −
1
4
BαβBαβgµν −Vgµν + 2V′BµBν
+
ξ
κ
[1
2
BαBβRαβgµν − BµBαRαν − BνBαRαµ
+
1
2
∇α∇µ(BαBν)− 12∇
2(BµBν)
− 1
2
gµν∇α∇β(BαBβ)
]
. (2.8)
Thus, the modified Einstein field equations (2.6) with
the bumblebee field can be expressed as follows [70]
Rµν − 8piG
[
TMµν + T
B
µν −
1
2
gµν
(
TM + TB
)]
= 0, (2.9)
which has the following explicit form:
Einsteinµν = Rµν − κ
(
TMµν −
1
2
gµνTM
)
− κTBµν − 2κgµνV
+ κBαBαgµνV′ − ξ4 gµν∇
2(BαBα)
− ξ
2
gµν∇α∇β(BαBβ) = 0, (2.10)
3where TM = gµνTMµν and κ = 8pi. The prime denotes a
derivative with respect to r. It can be easily checked that
when the both bumblebee field Bµ and potential V(Bµ)
are vanished, the original general relativity field equa-
tions are recovered.
Here, we focus on the vacuum solutions induced by
the LSB, which is possible when the bumblebee field
Bµ remains frozen in its vacuum expectation value.
Namely, we consider the case of Eq. (2.5), so that we
have a vanishing potential: V = V′ = 0 [102]. Thus, the
bumblebee field strength (2.2) becomes
bµν = ∂µbν − ∂νbµ. (2.11)
III. EXACT SOLUTION OF BUMBLEBEE WORMHOLE
In this section, we consider a static and a spherically
symmetric traversable wormhole solution [5] without
any tidal force
ds2 = −dt2 + dr
2
1− W(r)r
+ r2dθ2 + r2 sin2 θdϕ2, (3.1)
where W(r) is the shape function of the wormhole. Fur-
thermore, we set the bumblebee vector as follows
bµ =
0,√ α
1− W(r)r
, 0, 0
 . (3.2)
The bumblebee modified Einstein’s field equations
with the isotropic matter (Tµν)M = (−ρ, p, p, p) [51].
We shall use the equation of state: p = wρ, in which ρ
denotes the energy density of the matter field, p stands
for the pressure, and w is the dimensionless R number.
Thus, Eq. (2.10) yields the following three Einstein’s
field equations in the bumblebee gravity theory for the
wormhole metric (3.1) (the details are tabulated in Ap-
pendix):
Einsteintt = −κ ρ r3 − 3 κ w ρ r3 + ξ α rW ′ − ξ αW (r) = 0, (3.3)
Einsteinrr = 2 rW
′ − 2 W (r) + κ w ρ r3 − κ ρ r3 + 3 ξ α rW ′ − 3 ξ αW (r) = 0, (3.4)
Einsteinθθ = κ w ρ r
3 − κ ρ r3 + 2 ξ αW (r)− 2 ξ α r + rW ′ +W (r) = 0. (3.5)
From Eq. (3.3), one can obtain the density as follows
(see Appendix)
ρ =
l [rW ′ −W (r)]
κ r3 (1+ 3 w)
, (3.6)
in which l = ξα. Solving Eq. (3.5) with Eq. (3.6), we find
the shape function as follows
W(r) =
lr
l + 1
+
r0
l + 1
( r0
r
) 5wl+3l+3w+1
wl−l+3w+1 , (3.7)
where W(r0) = r0 6= 0 : throat radius. Inserting Eq. (3.7)
into Eq. (3.4), we get a condition on ω as the following
w = − l + 1
5 l + 3
. (3.8)
Thus, the shape function and density become
W(r) =
1
l + 1
(
lr + r0
( r0
r
)−5 l−3
3 l+1
)
, (3.9)
ρ =
5l + 3
κ (3l + 1) r02
(
r2r0
) −2l
3l+1 . (3.10)
It can be easily checked that as l → 0 =⇒ w → − 13 ,
W(r) → r3r02 , and ρ →
3
κr02
. On the other hand, one can
easily see that grr diverges at r = r0. Furthermore, Eq.
(3.9) is non-asymptotically flat when (r → ∞):
lim
r→∞
W(r)
r
→ l
l + 1
+ lim
r→∞
( r0
r
)1+−5l−33l+1 . (3.11)
From the above equation, we infer that the first term is
independent of r, while the second term is vanished if
1 + −5 l−33 l+1 > 0. Non-asymptotically flatness reflects the
non-trivial topological structure (arising from the LSB
effects) of the wormhole. Such solutions are similar to
the spacetimes whose having topological defects and
dilaton fields [104–106]. However, in principle, the solu-
tion obtained should be matched to an exterior vacuum
solution (for details, a reader may refer to [51]).
The Ricci scalar results in
R =
3W ′r2 − 2W (r)W ′ + 3W (r)2
2r6
. (3.12)
At r = r0, Eq. (3.12) results in:
R|r0 =
18l2 + 24l + 12
r04 (3 l + 1)
2 . (3.13)
4In a similar way, the Kretschmann scalar:
K = 2
r2W ′2 − 2rW (r)W ′ + 3W (r)2
r6
, (3.14)
yields
K|r0 =
36 l2 + 24 l + 12
r04 (3 l + 1)
2 . (3.15)
It is clear from Eqs. (3.13) and (3.15) that singularity
arises if l = − 13 .
Figure 1: Traversable Wormhole.
A. Flare-out conditions:
Traversability of a wormhole is determined by the
flare-out conditions [5]. We can easily visualize the spa-
tial geometry of the wormhole using an embedding di-
agram. The metric with t = t0 (constant) reduces to the
following form at the equatorial plane θ = pi2 : [103]
ds2 =
dr2
1− W(r)r
+ r2dϕ2. (3.16)
Then, we embed the wormhole geometry into a Eu-
clidean 3-space:
dσ2 = dz2 + dr2 + r2dϕ2, (3.17)
which can be rewritten as follows
dσ2 = (1+ z′2)dr2 + r2dϕ2, (3.18)
where
z′ = ± 1√
r
W(r) − 1
. (3.19)
We can now calculate the proper radial distance, which
ought to be real and finite:
d(r) =
∫ r
r0
dr√
1− W(r)r
. (3.20)
We deduce from the above equation that√
1− W(r)
r
> 0. (3.21)
It is worth noting that there is a coordinate singularity
at the throat of the wormhole. Thus, the flare-out condi-
tions [5, 17] yield:
W(r)− r ≤ 0, (3.22)
and
rW ′ −W(r) < 0. (3.23)
Thus, we have
W ′ = 3 l + 3
3 l + 1
< 1. (3.24)
For the condition (3.24), it is depicted in Fig. (2) that
the flare-out conditions are satisfied for the negative l
values.
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Figure 2: W ′ versus l graph. The flare-out conditions are satisfied for the
negative values of l.
IV. ENERGY CONDITIONS
Following the monograph of [107], in this sec-
tion, we shall analyze the energy conditions for the
bumblebee wormhole described with Eqs.(3.1) and (3.9).
5A. Null energy condition:
The null energy condition is expressed in terms of en-
ergy density and pressure as follows
ρ+ p ≥ 0, (4.1)
which yields
ρ+ p =
(4 l + 2) r0
(3 l + 1) κ r3
( r0
r
)−5 l−3
3 l+1 ≥ 0. (4.2)
At l = − 12 , the null energy condition (4.2) becomes zero.
It is clear from Fig. (3) that the null energy condition for
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Figure 3: Null energy condition ρ+ P ≥ 0 is satisfied for r0 = 1, l = −2
and κ = 1.
the bumblebee wormhole is satisfied. Moreover, we de-
pict an interactive plot in [108] for the null energy condi-
tion of the bumblebee wormhole in order to present the
effect of parameter l.
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Figure 4: The plot of energy density ρ for the values of parameters r0 = 1,
l = −2, and κ = 1.
B. Weak energy condition:
Weak energy condition is given by
ρ ≥ 0 , ρ+ p ≥ 0, (4.3)
which gives the following result for the bumblebee
wormhole:
ρ =
r0 (5 l + 3)
(3 l + 1) κ r3
( r0
r
)−5 l−3
3 l+1 ≥ 0. (4.4)
In Fig. (4), we show that weak energy condition for
the bumblebee wormhole is satisfied when the physical
parameters are fixed to r0 = 1, l = −2, and κ = 1. One
can reach to the interactive plot of the weak energy con-
dition for the bumblebee wormhole with the link given
in [108]. By this way, the effect of l on the weak energy
condition can be monitored.
C. Strong energy condition:
Strong energy condition is governed by
ρ+ 3p ≥ 0 , ρ+ p ≥ 0, (4.5)
which yields the following expression for the worm-
hole of bumblebee gravity:
ρ+ 3p =
2r0 l
(3 l + 1) κ r3
( r0
r
)−5 l−3
3 l+1 ≥ 0 (4.6)
From Fig. (5), it can be seen that strong energy con-
dition for the bumblebee wormhole is satisfied for the
parameters of r0 = 1, l = −2, and κ = 1. To reach
to the interactive plot of the strong energy condition for
the bumblebee wormhole, one can follow the link given
in [110].
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Figure 5: The plot of ρ+ 3P is satisfied for r0 = 1, l = −2 and κ = 1.
6V. DEFLECTION OF LIGHT
In this section, we shall explore the effect of bumble-
bee gravity in the gravitational lensing of the spacetime
of the wormhole metric described by Eqs. (3.1) and (3.7).
For simplicity, the Lagrangian is chosen in the equatorial
plane. Thus, we get
2L = −t˙2 + (1+ l)r˙
2
1− ( r0r )1+ 5wl+3l+3w+1wl−l+3w+1 + r
2 ϕ˙2. (5.1)
There are two constants of motion (energy and angu-
lar momentum) for a massless particle, which are de-
fined as follows
E = −gµνKµUν = dtdλ , (5.2)
L = gµνΦµUν = r2
dϕ
dλ
, (5.3)
in which λ denotes the affine parameter along the light
ray. Note that Kµ and Φµ are the timelike and rotational
Killing vectors, respectively. One can define the impact
parameter of the light ray as
b =
L
E
= r2
dϕ
dt
. (5.4)
From the above relations, one can find the following
differential equation for the light ray(
dr
dϕ
)2
+
r2
B(r)
=
r4
b2B(r)
, (5.5)
in which
B(r) =
(1+ l)
1− ( r0r )1+ 5wl+3l+3w+1wl−l+3w+1 . (5.6)
One can solve this equation by introducing a new
variable, let us say u(ϕ), which is related with the radial
coordinate as r = 1u(ϕ) . If we use the following identity:
r˙
ϕ˙
=
dr
dϕ
= − 1
u2
du
dϕ
, (5.7)
then in the large r limit, it is possible to recover the fol-
lowing relation
d2u
dϕ2
+ βu = 0. (5.8)
Furthermore, β = (1 + l)−1, since in the weak limit
we have the following approximation: B(r) → 1 + l as
r → ∞. The solution of the last differential equation is
given by
u(ϕ) = A1 sin(
√
βϕ) + A2 cos(
√
βϕ). (5.9)
When using the following initial conditions u(ϕ =
0) = 0 and u(ϕ = pi/2) = 1b , we find
u(ϕ) =
sin(
√
βϕ)
b
(
sin(
√
βpi
2
)
)−1
. (5.10)
Moreover, one can use sin(
√
βpi
2 ) ' 1 and in sequel
derives the light ray expression:
r =
b
sin(
√
βϕ)
. (5.11)
This equation is important in computing the deflec-
tion angle in the GBT. Next, let us find the wormhole
optical metric by letting ds2 = 0, which corresponds to
dt2 =
(1+ l) dr2
1− ( r0r )1+ 5wl+3l+3w+1wl−l+3w+1 + r
2dϕ2. (5.12)
It is also possible to write down the wormhole optical
metric in terms of new coordinates xa:
dt2 = hab dxadxb = dζ2 +H 2(ζ)dϕ2, (5.13)
where
dζ =
√
1+ l dr√
1− ( r0r )1+ 5wl+3l+3w+1wl−l+3w+1 , H = r. (5.14)
The Gaussian optical curvature (GOC) K can be
found to be (see for details, [77])
K = − 1
H
[
dr
dζ
d
dr
(
dr
dζ
)
dH
dr
+
(
dr
dζ
)2 d2H
dr2
]
= − (1+ Ξ)
2 r2 (1+ l)
( r0
r
)1+Ξ
, (5.15)
where
Ξ =
5wl + 3l + 3w + 1
wl − l + 3w + 1 . (5.16)
Alternatively, one can approximate the above equation
by expanding in series around l. Thus, we get
K ' − r
2
0
r4
− r
2
0 l
[
4 ln( r0r )(w + 1)− w− 1
]
r4(3w + 1)
. (5.17)
The key point in this method is that a non-singular
domain outside the light ray, say AR, which is bounded
by ∂AR = γh ∪ CR should be chosen. The GBT in the
context of the optical geometry is expressed as follows∫∫
AR
K dσ+
∮
∂AR
κ dt +∑
k
ψk = 2piχ(AR), (5.18)
in which κ gives the geodesic curvature, dσ is the opti-
cal surface element, and ψk stands for the exterior angle
7at the kth vertex. We set the Euler characteristic number
to one, i.e., χ(AR) = 1. Thus, the geodesic curvature is
defined by [77]
κ = h (∇γ˙γ˙, γ¨) , (5.19)
where the unit speed condition is selected as
h(γ˙, γ˙) = 1. For a very large radial coordinate R → ∞,
our two jump angles (at the sourceS , and observer O),
yield ψO + ψS → pi [77]. Thus, the GBT simplifies to
∫∫
AR
K dσ+
∮
CR
κ dt R→∞=
∫∫
A∞
K dσ+
pi+αˆ∫
0
dϕ = pi.
(5.20)
By definition, the geodesic curvature for γh is set to
zero. Then, we are left with a contribution from the
curve CR, which is located at a distance R from the
wormhole center in the equatorial plane. In short, we
need to compute the following:
κ(CR) = |∇C˙R C˙R|. (5.21)
In component notation, the radial part can be written
as (
∇C˙R C˙R
)r
= C˙ϕR
(
∂ϕC˙rR
)
+ Γr(op)ϕϕ
(
C˙ϕR
)2
. (5.22)
With the help of the unit speed condition, one can cal-
culate the Christoffel symbols that are related to our op-
tical metric in the large coordinate radius R and gets
lim
R→∞
κ(CR) = lim
R→∞
∣∣∣∇C˙R C˙R∣∣∣ ,
→ 1√
1+ l R
. (5.23)
To understand the meaning of the above equation, we
rewrite the optical metric for a constant R. Thus, we
have
lim
R→∞
dt→ R dϕ. (5.24)
Combining the last two equations together, we obtain
κ(CR)dt =
1√
1+ l
dϕ. (5.25)
This equation implies that our wormhole geometry is
non-asymptotically flat and correspondingly, the opti-
cal metric is not asymptotically Euclidean. Using this
result, we can express the deflection angle as follows
αˆ =
(√
1+ l − 1
)
pi −√1+ l
pi∫
0
∞∫
b
sin
(
ϕ√
1+l
)
K dσ, (5.26)
where the light ray r(ϕ) = b
sin
(
ϕ√
1+l
) (b is now inter-
preted as the impact parameter [86]) can be approximated
to the closest distance that is obtained from the worm-
hole in the first order approximation. The first term of
Eq. (5.26) can be approximated as
(√
1+ l − 1
)
pi =
lpi
2
− l
2pi
8
+ ... (5.27)
The surface can also be approximated to
dσ =
√
h dζ dϕ ' √1+ l r dr dϕ. (5.28)
Finally, the total deflection angle is found to be
αˆ ' lpi
2
−
pi∫
0
∞∫
b
sin
(
ϕ√
1+l
)
[
− (1+ Ξ)
2r
( r0
r
)1+Ξ]
drdϕ.
(5.29)
Evaluating the last integral, we find
αˆ ' lpi
2
+
√
(1+ l)pi
2
( r0
b
)1+Ξ Γ ( 2+Ξ2 )
Γ
(
3+Ξ
2
) , (5.30)
with the condition of 1 + Ξ > 0. Performing a series
expansion, we can write the last equation as follows
αˆ ' lpi
2
+
pir20
4 b2
+
5pir20l
8b2
− pir
2
0lw
b2
+
pir20l ln(
r0
b )
b2
− pir
2
0l ln 2
b2
+
2pir20lw ln 2
b2
− 2pir
2
0lw ln(
r0
b )
b2
. (5.31)
Note that for vanishing bumblebee gravity, l = 0, it re-
duces to the original Einstein’s gravity and whence the
deflection angle becomes αˆ ' pi r024b2 , which is in agree-
ment with the Ellis wormhole [82]. On the other hand,
if 1+ Ξ ≤ 0, we can only incorporate the finite distance
corrections in the deflection angle of light.
It is worth to re-emphasize that due to the LSB ef-
fect, there are additional terms seen in the left hand
side of Eq. (3.11) that yields a non-asymptotically flat
spacetime. Although the first term of Eq. (3.11) is in-
dependent from the radial coordinate, however the sec-
ond term should be vanished when r → ∞, which is
achieved by the condition of 1+ −5 l−33 l+1 > 0. Otherwise,
the second term blows up, then the GBT becomes prob-
lematic. In fact, following paper of Ishihara et al [93],
one can only apply a finite correction to the deflection
of light. Furthermore, there is a reference paper [86]
in which a similar work was carried out for a different
spacetime. To conclude, in a certain framework, the GBT
can be applied to the spacetimes in the presence of LSB
effects.
8VI. CONCLUSION
We searched for a way to construct a traversable
wormhole solution, one which satisfies the energy con-
ditions to become the most interesting application of the
general relativity theory. In finding some realistic matter
source that keeps the wormhole throat open such that
interstellar or inter-universe travel might become possi-
ble, the modified theories of gravity are thought to be
new remedy. We have, therefore, considered the bum-
blebee gravity model to have such a traversable worm-
hole solution that satisfies the null, weak, and strong
energy conditions. In this paper, we first derived the
modified Einstein’s field equations for the Lorentzian
wormhole in the bumblebee gravitational field. Next,
using the associated field equations with bumblebee
gravity, we have obtained the new traversable worm-
hole solution with the exact shape function (3.9) and
with w = − l+15 l+3 . Then, physical features of the ob-
tained wormhole were studied in detail. Singularity of
the solution was analyzed by computing the Ricci and
Kretschmann scalars. It is seen that the singularity ap-
pears when l = − 13 . Afterwards, we have checked the
flare-out conditions W ′ < 1 for the obtained bumblebee
wormhole solution. We have shown that the flare-out
conditions are satisfied if 3 l+33 l+1 < 1 where it is plotted in
Fig. (2).
In section IV, we checked the energy conditions (null,
weak, and strong) for the bumblebee wormhole and ren-
dered them graphically. In Figs. (3,4,5), we analyzed the
three energy conditions of the bumblebee wormhole for
the values of r0 = 1, l = −2 and κ = 1. We noted that
all energy conditions for the bumblebee wormhole were
satisfied when r0 = 1, l = −2 and κ = 1. We also plot-
ted the energy conditions manipulated as interactive in
[108–110].
Another important point is that under the LSB effect,
the global topology of the wormhole spacetime changes.
The limit of W(r)r at spatial infinity was found to be
W(r)
r
∣∣∣
r→∞
→ ll+1 , which shows that our wormhole so-
lution was non-asymptotically flat. The deflection of
light was computed by applying the GBT to the bum-
blebee wormhole expressed in the optical geometry. It
was seen that bumblebee parameter affects the geodesic
optical curvature, modifying the final result for the de-
flection angle. Due to the nontrivial global topology, we
have shown that the deflection of light is changed by
δαˆ = lpi/2, which is purely a topological term and in-
dependent of the impact factor b. In addition, we in-
corporated the bumblebee effects in the total deflection
angle by deriving the light ray equation, which modifies
the straight line approximation in the domain of integra-
tion. In other words, the total deflection angle not only
depends on the geometry of the bumblebee traversable
wormhole (i.e., throat radius r0), but it varies with the
coupling constant l, and state parameter w. Finally, in
the case of l = 0, we recovered the Ellis wormhole de-
flection angle as being reported in the literature [82].
In short, the bumblebee wormhole that we con-
structed satisfies the energy conditions for normal mat-
ter and flare-out conditions near the throat. In the near
future, we plan to add new sources (scalar, electromag-
netic etc.) to the bumblebee gravity. In this manner,
we wish to obtain new spacetime solutions and analyze
their physical features [111].
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APPENDIX
The generic line-element of the static and a spherically
symmetric traversable wormhole can be expressed as
follows
ds2 = −dt2 + e2ν(r)dr2 + r2
(
dθ2 + sin2 θdϕ2
)
, (A1)
which has following non-zero Ricci tensors:
Rrr =
2ν′
r
, (A2)
Rθθ =
Rϕϕ
sin2 θ
= 1+
rν′ − 1
e2ν(r)
. (A3)
Recall that the prime symbol denotes the derivative
with respect to variable r. Setting
bµ = [0, b(r), 0, 0] , (A4)
and making straightforward calculations, one can
obtain the following results from Eq. (2.10):
Einsteintt = (3ω+ 1) ρrκ e
4 ν(r) − 2b (r) b′ξ − ψ(r)ξr, (A5)
Einsteinrr = rρκ (ω− 1) e4 ν(r) + 4 e2 ν(r)ν′ − 6 b (r) b′ + 12 b (r)2 ν′ξ − 3ψ(r)ξ, (A6)
9Einsteinθθ ≡ Einsteinϕϕ =
(
2+ ρκ (ω− 1) r2
)
e4 ν(r) + 2
(
rν′ − 1) e2 ν(r)
− 2
(
−3 b (r)2 ν′r + 3 b (r) b′r + b (r)2
)
ξ + rψ(r)ξ, (A7)
where
ψ(r) =
[
3 b (r)2
(
ν′
)2 − b (r)2 ν′′ − 5 b (r) ν′b′ + b (r) b′′ + (b′)2] r. (A8)
One can immediately check that for the traversable
wormhole metric (3.1) with the bumblebee vector (3.2):
ν (r) = −1
2
ln
(
1− W(r)
r
)
, (A9)
b (r) =
√
α
1− W(r)r
, (A10)
Eq. (A8) yields ψ(r) = 0. For this reason, in the
obtained Einstein field equations (3.3)-(3.5), there are
not any W ′2 and W ′′ terms.
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